
Chapter 2. Conservation Laws §9 Problem 2.

Problem 2.

Obtain the expressions for the Cartesian components and the magnitude of the angular momentum
of a particle in spherical co-ordinates r, θ, ϕ.

Solution: In spherical co-ordinates, the Cartesian components are expressed byxy
z

 =

r sinϕ cos θr sinϕ sin θ
r cosϕ


and ẋẏ

ż

 =

ṙ sinϕ cos θ + rϕ̇ cosϕ cos θ − rθ̇ sinϕ sin θ

ṙ sinϕ sin θ + rϕ̇ cosϕ sin θ + rθ̇ sinϕ cos θ
ṙ cosϕ+ r sinϕ

 .
By substituting those in Eq. (2.4) of §9 Prob. 1, we get

M = m

yż − zẏ
zẋ− xż
xẏ − yẋ


= m

−r2(θ̇ sinϕ+ ϕ̇ sin θ cos θ cosϕ)

r2(θ̇ cosϕ− ϕ̇ sin θ cos θ sinϕ)

r2ϕ̇ sin2 θ

 . (2.6)

By taking the magnitude of Eq. (2.6), we finally get

Answer to Problem 2.

Mx = −mr2(θ̇ sinϕ+ ϕ̇ sin θ cos θ cosϕ)

My = mr2(θ̇ cosϕ− ϕ̇ sin θ cos θ sinϕ)

Mz = mr2ϕ̇ sin2 θ

M2 = m2r4(θ̇2 + ϕ̇2 sin2 θ)
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