
Chapter 2. Conservation Laws §8 Problem 1.

§8 Centre of mass

Problem 1.

Find the law of transformation of the action S from one inertial frame to another.

Solution: The Lagrangian L and L′ of a mechanical system in two inertial frames of reference K
and K ′ are respectively

L = T − U =
1
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2
a − U

and

L′ = T ′ − U =
1

2

∑
a

mav
′2
a − U.

If the frame K ′ moves with velocity V relative to the frame K, the velocities of the particles of the
mechanical system relative to the two frames are related by va = v′

a + V. We can now express the
relation of the Lagrangian of the system in the two frames by

L =
1
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ma(v
′
a +V)2 − U

=
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V 2
∑
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ma +V ·
∑
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′
a +
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a − U

= L′ +V ·P′ +
1

2
µV 2. (2.3)

Integrating Eq. (2.3) with respect to time, we obtain

S =

∫
Ldt

= S′ +

∫
(V ·P′) dt+

1

2
µV 2t

= S′ +V ·
∫ ∑

a

mav
′
adt+

1

2
µV 2t

= S′ +V ·
∑
a

mar
′
a +

1

2
µV 2t.

The law of transformation of the action S is then

Answer to Problem 1.

S = S′ + µV ·R′ +
1

2
µV 2t
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