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PROBLEM 3.

Find the Lagrangian of a simple pendulum of mass m, when placed in a uniform gravitational
field (acceleration g), whose point of support ...
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moves uniformly on a vertical circle with constant frequency 7.
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SOLUTION: If we set that the rotation of the point of support is counterclockwise, the Cartesian
position of the particle m is

x = f(¢1) = acosvyt + Isin¢
= g(¢1) = —asin~yt + [ cos ¢.
The time derivative of the position is then
T = —aysinyt + lq'Scos¢
Yy = —aycosyt — lczB sin ¢.
The potential energy of the system is
U= —mgy
= —mg(—asinyt + L cos ¢).

The term mgasin~yt only depend on time and can therefore be ignored (does not contribute to the
equations of motion). The kinetic energy of the particle, for its part, is
1

T = Jm(i* + )

1 . .
3m (l2<;$2 + a®y? + 2a7yl¢sin (¢ — ’yt)) ,

using again the angle difference identity (I will stop mentioning it). We can observe that the term %maQVQ

is a constant, thus can be ignored. The last term of the kinetic energy can also be simplified. Indeed,
marylgsin (¢ — yt) = maly(¢ — ) sin(¢ — vt) + maly? sin(vt — ¢)
= % (—maly cos(¢p — yt)) + maly? sin(¢p — vt).
After dropping the total time derivative, we can finally get the Lagrangian

ANSWER TO PROBLEM 3 (A).

1 .
L= iml2¢2 + maly? sin(¢ — yt) + mgl cos ¢
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oscillates horizontally in the plane of motion of the pendulum according to the law z = a cos~t.

SoLUTION: The Cartesian position of the particle m is

x = f(¢1) = acosyt + lsing
y=9(¢1) =lcos¢.
The time derivative of the position is then
T = —aysinyt + lq5 cos ¢
Y= —l(ib sin ¢.
The potential energy of the system is
U = —mgy = —mgl cos ¢,

and the kinetic energy
1
T= 5m(a;~2 +9%)
1 . .
=5m <l2¢2 + a?4? sin® 4t — 2a~yld sin vt cos qb) .

We first see that the term 2may?sin® 4t only depend on time. The last term of the kinetic energy can
also be simplified. Indeed,
—ma*yld) sin vyt cos ¢ = —mlay(ycosytsin ¢ + dsin vt cos @) 4+ mlay? cos vt sin ¢

d
= u (—mlary sin vt sin ¢) + mlay® cos vt sin .

After dropping the total time derivative, we can finally get the Lagrangian

ANSWER TO PROBLEM 3 (B).

1 .
L= Eml2¢>2 + mla~y? cos~t sin ¢ 4+ mgl cos ¢

©

oscillates vertically according to the law y = a cos vt.

SOLUTION: The Cartesian position of the particle m is
x = f(¢1) =1lsing
y = g(¢1) = acosyt + 1 cos ¢.
The time derivative of the position is then
i =l¢cos
Y = —aysinyt — lqﬁ sin ¢.
The potential energy of the system is
U =—-mgy =—mg(acosvyt +lcos¢),

The term mga cos~t only depend on time and can therefore be ignored. The kinetic energy is
1
1 . .
=5m <l2¢>2 + a%4? sin? 4t 4 2a7yl¢ sin vt sin qS) .

We first see that the term 2ma2y?sin® 4t only depend on time. The last term of the kinetic energy can

SOLUTION TO MECHANICS BY P.O. BoLpuc PAGE 9 orF 136


https://pobol2.github.io/Mechanics-Landau-Solution/#chapter-1
https://pobol2.github.io/Mechanics-Landau-Solution/main.pdf#page=137

CHAPTER 1. THE EQUATIONS OF MOTION §5 PROBLEM 3.

also be simplified. Indeed,
ma’qulﬁ sinyt sin ¢ = mlay(—ycos~ytcos ¢ + ¢ sin~ytsin ¢) + mla~y? cos~t cos ¢

d
= (mlary cos vt sin ¢) + mlay? cosyt cos .

After dropping the total time derivative, we can finally get the Lagrangian

ANSWER TO PROBLEM 3 (C).

1 .
L= §m12¢2 + mlay? cosyt cos ¢ + mgl cos ¢
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