CHAPTER 1. THE EQUATIONS OF MOTION §5 PROBLEM 1.

§5 THE LAGRANGIAN FOR A SYSTEM OF PARTICLES

Find the Lagrangian of a coplanar double pendulum when placed in a uniform gravitational field
(acceleration g).
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SOLUTION:  The generalized co-ordinates of the system are the two angles ¢; and ¢2. We need
to express the Cartesian co-ordinates in terms of those two angles. First, the Cartesian position of the
particle m; is

= fi(¢1) = l1sin ¢y
y1 = g1(¢1) = 11 cos 1.

By taking the time derivative of those, we obtain

0
T = %% =1, cos g1y
0 .
i = g = ~lisingid.
Substituting these expressions in the Lagrangian, we obtain the desired Lagrangian form, that is
L=T1-U
1 . .
= 5m1(w§ +97) + migys
1 .
= imllfgb% +magli cos ¢1. (1.1)

Second, the Cartesian position of the particle mo is

zy = fo(h1, ¢2) = lisin gy + Iz sin o
Y2 = 92(¢17¢2) = [ cos ¢1 + I3 cos ¢s.

By taking the time derivative of those, we obtain

Z %m = 1161 cos ¢y + lahz cos o

Z 092 ‘bk = —l1¢y sin ¢ — lahy sin Bo.
Substituting these expressions in the Lagrangian, we obtain the desired Lagrangian form, that is
Lo =T, — U,
= %mz (&3 + 93) + magys
;mz(l%ﬁl + 1303 + 211120102 cos (p1 — ¢2)) + mag(ly cos 1 + Iz cos p2), (1.2)

where the angle difference identity as been used. Finally, the Lagrangian of the complete system is simply
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the sum of Eq. (1.1) and Eq. (1.2), thus

ANSWER TO PROBLEM 1.

L :g(ml +ma)li 7 + §m2lg¢§ + malilagi ¢z cos (p1 — ¢2)

+ (mq + ma)gly cos g1 + magls cos ¢o
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