
Chapter 1. The Equations of Motion §5 Problem 1.

§5 The Lagrangian for a system of particles

Problem 1.

Find the Lagrangian of a coplanar double pendulum when placed in a uniform gravitational field
(acceleration g).
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Solution: The generalized co-ordinates of the system are the two angles ϕ1 and ϕ2. We need
to express the Cartesian co-ordinates in terms of those two angles. First, the Cartesian position of the
particle m1 is

x1 = f1(ϕ1) = l1 sinϕ1

y1 = g1(ϕ1) = l1 cosϕ1.

By taking the time derivative of those, we obtain

ẋ1 =
∂f1
∂ϕ1

ϕ̇1 = l1 cosϕ1ϕ̇1

ẏ1 =
∂g1
∂ϕ1

ϕ̇1 = −l1 sinϕ1ϕ̇1.

Substituting these expressions in the Lagrangian, we obtain the desired Lagrangian form, that is

L1 = T1 − U1

=
1

2
m1(ẋ

2
1 + ẏ21) +m1gy1

=
1

2
m1l

2
1ϕ̇

2
1 +m1gl1 cosϕ1. (1.1)

Second, the Cartesian position of the particle m2 is

x2 = f2(ϕ1, ϕ2) = l1 sinϕ1 + l2 sinϕ2

y2 = g2(ϕ1, ϕ2) = l1 cosϕ1 + l2 cosϕ2.

By taking the time derivative of those, we obtain

ẋ2 =
∑
k

∂f2
∂ϕk

ϕ̇k = l1ϕ̇1 cosϕ1 + l2ϕ̇2 cosϕ2

ẏ2 =
∑
k

∂g2
∂ϕk

ϕ̇k = −l1ϕ̇1 sinϕ1 − l2ϕ̇2 sinϕ2.

Substituting these expressions in the Lagrangian, we obtain the desired Lagrangian form, that is

L2 = T2 − U2

=
1

2
m2(ẋ

2
2 + ẏ22) +m2gy2

=
1

2
m2(l

2
1ϕ̇

2
1 + l22ϕ̇

2
2 + 2l1l2ϕ̇1ϕ̇2 cos (ϕ1 − ϕ2)) +m2g(l1 cosϕ1 + l2 cosϕ2), (1.2)

where the angle difference identity as been used. Finally, the Lagrangian of the complete system is simply
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the sum of Eq. (1.1) and Eq. (1.2), thus

Answer to Problem 1.

L =
1

2
(m1 +m2)l

2
1ϕ̇

2
1 +

1

2
m2l

2
2ϕ̇

2
2 +m2l1l2ϕ̇1ϕ̇2 cos (ϕ1 − ϕ2)

+ (m1 +m2)gl1 cosϕ1 +m2gl2 cosϕ2
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