
Chapter 7. The Canonical Equations §42 Problem 4.

Problem 4.

Show that [f ,Mz] = f × n, where f is a vector function of the co-ordinates and momentum of a
particle, and n is a unit vector parallel to the z-axis.

Solution: Here, a vector function means a function that transforms as a vector under simultaneous
rotations of its arguments.

Under an infinitesimal active rotation through an angle δα about the z-axis, we have

δr = δαn× r, δp = δαn× p.

For each component fi, the chain rule gives

δfi
δα

= (n× r) · ∇rfi + (n× p) · ∇pfi = −y ∂fi
∂x

+ x
∂fi
∂y

− py
∂fi
∂px

+ px
∂fi
∂py

= −[fi,Mz],

using the operator derived in §42 Prob. 3. Because f transforms as a vector, its change under the same
rotation is

δf

δα
= n× f .

Comparing these expressions component by component gives

[f ,Mz] = −n× f = f × n.

Answer to Problem 4.

[f ,Mz] = f × n
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