
Chapter 7. The Canonical Equations §42 Problem 3.

Problem 3.

Show that [ϕ,Mz] = 0, where ϕ is any function, spherically symmetrical about the origin, of the
co-ordinates and momentum of a particle.

Solution: Since Mz = xpy − ypx, the bracket of §42 Prob. 1 with any smooth function F (r,p) is

[F,Mz] = y
∂F

∂x
− x

∂F

∂y
+ py

∂F

∂px
− px

∂F

∂py
.

We denote this differential operator by DzF .
A scalar invariant under simultaneous rotations of r and p can depend on these vectors only through

u = r2, v = p2, w = r · p.

Applying the operator to these combinations gives

Dzu = 2xy − 2xy = 0, Dzv = 2pxpy − 2pxpy = 0, Dzw = ypx − xpy + xpy − ypx = 0.

For ϕ = Φ(u, v, w), the chain rule therefore yields

[ϕ,Mz] =
∂Φ

∂u
Dzu+

∂Φ

∂v
Dzv +

∂Φ

∂w
Dzw = 0.

Answer to Problem 3.

[ϕ,Mz] = 0
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