
Chapter 7. The Canonical Equations §40 Problem 1.

§40 Hamilton’s equations

Problem 1.

Find the Hamiltonian for a single particle in Cartesian, cylindrical and spherical co-ordinates.

Solution: For a particle with a velocity-independent potential energy U , the generalized momenta
and the Hamiltonian are

pi =
∂L

∂q̇i
, H =

∑
i

piq̇i − L.

The kinetic energy is quadratic in the velocities, so the Legendre transform gives H = T + U , with the
velocities expressed in terms of the canonical momenta.

In Cartesian co-ordinates, we have

L =
1

2
m
(
ẋ2 + ẏ2 + ż2

)
− U(x, y, z), px = mẋ, py = mẏ, pz = mż.

In cylindrical co-ordinates, the Lagrangian is

L =
1

2
m
(
ṙ2 + r2ϕ̇2 + ż2

)
− U(r, ϕ, z),

so that
pr = mṙ, pϕ = mr2ϕ̇, pz = mż.

In spherical co-ordinates, with θ the polar angle and ϕ the azimuth, the Lagrangian is

L =
1

2
m
(
ṙ2 + r2θ̇2 + r2ϕ̇2 sin2 θ

)
− U(r, θ, ϕ),

and hence
pr = mṙ, pθ = mr2θ̇, pϕ = mr2ϕ̇ sin2 θ.

Substituting these momenta in H = T + U gives the three Hamiltonians.

Answer to Problem 1.

Cartesian: H =
1

2m

(
p2x + p2y + p2z

)
+ U(x, y, z)

Cylindrical: H =
1

2m

(
p2r +

p2ϕ
r2

+ p2z

)
+ U(r, ϕ, z)

Spherical: H =
1

2m

(
p2r +

p2θ
r2

+
p2ϕ

r2 sin2 θ

)
+ U(r, θ, ϕ)
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