
Chapter 4. Collisions Between Particles §20 Problem 2.

Problem 2.

Determine the effective cross-section for small-angle scattering in a field U = α/rn (n > 0).

Solution: We take α > 0 (a repulsive field). Let m2 be the mass of the scattering particle, initially
at rest, and

m =
m1m2

m1 +m2

the reduced mass. As shown in §20 Prob. 1, when the scattering angle χ in the centre-of-mass system
is small (χ ≪ 1), the deflection of the incident particle of mass m1 is θ1 ≃ (m/m1)χ, and it is given by
formula (20.3) of the book,

θ1 ≃ − 2ρ

m1v2∞

∫ ∞

ρ

dU

dr

dr√
r2 − ρ2

.

Since
dU

dr
= − nα

rn+1
,

the deflection is

θ1 ≃ 2nαρ

m1v2∞

∫ ∞

ρ

dr

rn+1
√
r2 − ρ2

.

To evaluate the integral, we substitute

u =
ρ2

r2
, r = ρu−1/2, dr = −ρ

2
u−3/2 du.

When r goes from ρ to ∞, u goes from 1 to 0, and the minus sign of dr is absorbed by reversing the
limits. We also have

rn+1 = ρn+1u−(n+1)/2,
√
r2 − ρ2 = ρ

√
1

u
− 1 = ρu−1/2(1− u)1/2.

Collecting the powers of u, − 3
2 + n+1

2 + 1
2 = n−1

2 , so∫ ∞

ρ

dr

rn+1
√
r2 − ρ2

=
1

2ρn+1

∫ 1

0

u(n−1)/2(1− u)−1/2 du.

As in §11 Prob. 2, this is the Beta function B(p, q) =
∫ 1

0
up−1(1 − u)q−1 du = Γ(p)Γ(q)/Γ(p + q) with

p = (n+ 1)/2 and q = 1/2. Since Γ(1/2) =
√
π,∫ ∞

ρ

dr

rn+1
√
r2 − ρ2

=
1

2ρn+1
B

(
n+ 1

2
,
1

2

)
=

√
π

2ρn+1

Γ ((n+ 1)/2)

Γ ((n+ 2)/2)
.

Using Γ ((n+ 2)/2) = n
2Γ(n/2), the factor n cancels and

θ1 ≃ 2
√
π α

m1v2∞ρ
n

Γ ((n+ 1)/2)

Γ(n/2)
.

Let us define

Cn =
2
√
π α

m1v2∞

Γ ((n+ 1)/2)

Γ(n/2)
,

so that θ1 ≃ Cn/ρ
n. The deflection decreases monotonically with ρ, and the relation can be inverted,

ρ ≃
(
Cn
θ1

)1/n

,

∣∣∣∣ dρdθ1
∣∣∣∣ = 1

n
C1/n
n θ

−1/n−1
1 =

ρ

nθ1
.

The particles deflected into the range dθ1 pass through an annulus of area 2πρ|dρ| in the incident beam.
For small angles, the element of solid angle is

do1 = 2π sin θ1 dθ1 ≃ 2πθ1 dθ1,

so
dσ

do1
≃ ρ

θ1

∣∣∣∣ dρdθ1
∣∣∣∣ = ρ2

nθ21
=

1

n

C
2/n
n

θ
2+2/n
1

.

This result requires weak scattering in the centre-of-mass system, χ ≃ (m1/m)θ1 ≪ 1. Multiplying
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θ1 ≃ Cn/ρ
n by m1/m, the corresponding centre-of-mass deflection is

χ ≃ 2
√
π Γ ((n+ 1)/2)

Γ(n/2)

α/ρn

mv2∞
,

whose numerical coefficient is of order unity for n of order unity. The condition χ ≪ 1 is thus the
weak-field condition

α

ρn
≪ 1

2
mv2∞,

i.e. the potential energy at the distance of closest approach r ≃ ρ must be small compared with the
energy of the relative motion. Since m ≤ m1, it implies θ1 ≪ 1, which justifies do1 ≃ 2πθ1 dθ1. However,
the converse does not hold for arbitrary masses. For instance, if m1 > m2, the laboratory angle never
exceeds arcsin(m2/m1), so it can be small even when χ is not. The two conditions coincide only when
m2 ≫ m1, where m ≃ m1 and θ1 ≃ χ. The result must not be extended to arbitrary angles. Note also
that dσ diverges as θ1 → 0, so the total cross-section is infinite unless the angles are cut off.

As a check, for n = 1 we have Γ(1)/Γ(1/2) = 1/
√
π, so C1 = 2α/(m1v

2
∞) and

dσ

do1
≃ 4α2

m2
1v

4
∞θ

4
1

,

which is the small-angle limit of the Rutherford formula. For n = 2, Γ(3/2)/Γ(1) =
√
π/2, so C2 =

πα/(m1v
2
∞) and

dσ

do1
≃ πα

2m1v2∞θ
3
1

,

in agreement with the small-angle limit found in §19 Prob. 1 for a fixed centre (m1 = m, θ1 = χ). We
thus get

Answer to Problem 2.

θ1 ≃ 2
√
π Γ ((n+ 1)/2)

Γ(n/2)

α

m1v2∞ρ
n
,

dσ ≃ 1

n

[
2
√
π Γ ((n+ 1)/2)

Γ(n/2)

α

m1v2∞

]2/n
do1

θ
2+2/n
1

,

valid for
α

ρn
≪ 1

2
mv2∞, m =

m1m2

m1 +m2
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