CHAPTER 3. INTEGRATION OF THE EQUATIONS OF MOTION §14 PROBLEM 3.

PROBLEM 3.

Integrate the equations of motion for a pendulum of mass ms, with a mass m, at the point of

support which can move on a horizontal line lying in the plane in which ms moves (see the figure
in §5 Prob. 2).

SoLuTION: From §5 Prob. 2, the Lagrangian of the system is
1 1 . .
L= §(m1 + my)i? + §m2(12¢2 + 2l2¢ cos @) + magl cos ¢.

The co-ordinate x is cyclic, thus

L .
Dy = g—x = (m1 + me)& + malg cos ¢ = constant (3.6)

is conserved. It is always possible to find an inertial frame of reference where p, = 0, using this frame
we get

(my +mo) + m21¢3 cos¢p =0
:>/ ((m1 + mo) + mzlgz'ﬁ cos (;S) dt = constant
=(m1 4+ ma)x + malsin ¢ = (my + ma)R, = constant. (3.7)

This express the fact that the centre of mass R of the system does not move horizontally. It is also
possible to rewrite Eq. (3.6) as
(mq + mao)d + moldcosd =0
—mglé cos ¢
mi + mo

=i =

Plugging this into the energy of the system we get

1 1 . ,
E= §(m1 + mo)d? + §m2(12¢2 + 2lx¢ cos ¢) — magl cos ¢
272 j2 2 272 12 2
msl*¢pcos®¢p 1 919 M5l°¢% cos® ¢
= ——— 4+ —myol — ————— —mgglcos
2(m1 —l—m2) 2 2’¢ mi + ma 29 0

1 .
—myl?¢? (1 __ M2 cos? QS) — magl cos ¢.
2 mi + mo

t= l\/mQ/ im0y
E + moglcos ¢
_ mo / mi + mo sin? ¢d¢
o 2(m1 + ma) E + maglcos ¢
Using Eq. (3.7), we can express the position of the mass mso as
zo|  |xz+lsing| _ZSIH¢(1_ml+m2)
yo| | lcos¢p | ’

lcos ¢
The path of the particle of mass ms is thus an arc of an ellipse center at (R, 0) with horizontal semi-axis
Imy/(m1 + mg) and vertical semi-axis [. It is possible to see that when m; — oo, the path return to the
simple pendulum. The solution of the equations of motion is thus

Hence,

ANSWER TO PROBLEM 3.

t=1y / —mim 00, "
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