
Chapter 3. Integration of the Equations of Motion §13 Problem 1.

§13 The reduced mass

Problem 1.

A system consists of one particle of mass M and n particles with equal masses m. Eliminate the
motion of the centre of mass and so reduce the problem to one involving n particles.

Solution: Let R be the radius vector of the particle of mass M , and Ra (a = 1, 2, . . . , n) those of
the particles of mass m. We put ra ≡ Ra −R and take the origin to be at the centre of mass, namely

MR+m
∑
a

Ra = 0.

Thus, we got

R = −m

M

(∑
a

ra + nR

)
= −m

µ

∑
a

ra, (3.2)

where µ ≡M + nm. The Lagrangian of the system is

L =
1

2
MṘ2 +

1

2
m
∑
a

Ṙ2
a − U.

If we substitute Eq. (3.2) and Ra = R+ ra, we get

L =
1

2

Mm2

µ2

(∑
a

ṙa

)2

+
1

2
nmṘ2 +

1

2
m
∑
a

ṙ2a +mṘ
∑
a

ṙa − U

=
1

2

Mm2

µ2

(∑
a

ṙa

)2

+
1

2

m3

µ2

(∑
a

ṙa

)2

+
1

2
m
∑
a

ṙ2a −
m2

µ

(∑
a

ṙa

)2

− U

=
1

2
m
∑
a

ṙ2a −
1

2

m2

µ

(
2µ−M − nm

µ

)(∑
a

ṙa

)2

.

The Lagrangian is thus only a function of ra and it’s time derivative, which is

Answer to Problem 1.

L =
1

2
m
∑
a

ṙ2a −
1

2

m2

µ

(∑
a

ṙa

)2
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