
Chapter 3. Integration of the Equations of Motion §11 Problem 2.

Problem 2.

Determine the period of oscillation, as a function of the energy, when a particle of mass m moves
in fields for which the potential energy is

(a)

U = A|x|n

Solution: The total energy of the particle is

E =
1

2
mẋ2 + U(x).

Knowing that the maximum value of E is at x1, this position is

E = U(x1) = A|x1|n

⇒|x1| =
(
E

A

)1/n

,

⇒x1 = ±
(
E

A

)1/n

,

we get the period of oscillation,

T = 2

√
m

2

∫ (E
A )

1/n

−(E
A )

1/n

dx√
E −A|x|n

= 2
√
2m

∫ (E
A )

1/n

0

dx√
E −A|x|n

.

It is possible to remove the absolute value, because the integral is over positive x, thus

T = 2
√
2m

∫ (E
A )

1/n

0

dx√
E −Axn

= 2

√
2m

E

∫ (E
A )

1/n

0

dx√
1− A

Ex
n
.

Using the substitution y =
(
A
E

) 1
n x, we get

T = 2

√
2m

E

∫ 1

0

(
A
E

) 1
n dy√

1− A
E

((
A
E

)−1
n y

)n
= 2

√
2m

E

(
E

A

) 1
n
∫ 1

0

dy√
1− yn

.

Using another substitution u = yn, we get

T = 2

√
2m

E

(
E

A

) 1
n
∫ 1

0

u
1
n du

nu
√
1− u

.

It is possible to express this integral in term of the beta function

B(z1, z2) =
∫ 1

0

tz1−1 (1− t)
z2−1

dt =
Γ (z1) Γ (z2)

Γ (z1 + z2)
,

with z1 = 1
n and z2 = 1

2 . This give us
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T =
2

n

√
2m

E

(
E

A

) 1
n Γ

(
1
n

)
Γ
(
1
2

)
Γ
(
1
2 + 1

n

) .
Knowing that Γ

(
1
2

)
=

√
π, we finally have

Answer to Problem 2 (a).

T =
2

n

√
2πm

E

(
E

A

) 1
n Γ

(
1
n

)
Γ
(
1
2 + 1

n

)
(b)

U =
−U0

cosh2 αx
, −U0 < E < 0

Solution: The two boundaries of the energy are at E = 0 ⇒ x = x1 and E = −U0 ⇒ x = 0. The
period of oscillation is thus

T = 2
√
2m

∫ x1

0

dx√
E − U

= 2
√
2m

∫ x1

0

dx√
E + U0

cosh2 αx

= 2
√
2m

∫ x1

0

cosh2 αx dx√
E cosh2 αx+ U0

.

Using the identity cosh2 αx = 1 + sinh2 αx, we get

T = 2
√
2m

∫ x1

0

cosh2 αx dx√
E
(
1 + sinh2 αx

)
+ U0

.

The substitution y = sinhαx, give us dy = α coshαxdx and

y(x1) = sinhαx

=
√
sinh2 αx

=
√
cosh2 αx− 1

=

√
−U0

E
− 1.

Using this substitution, we get

T =
2

α

√
2m

∫ √
−U0
E −1

0

dy

E (1 + y2) + U0

=
2

α

√
2m

∫ √
−U0
E −1

0

dy

E + Ey2 − E cosh2 αx

Factoring |E| out of the square root (because E < 0), we have

T =
2

α

√
2m

|E|

∫ √
−U0
E −1

0

dy

1− cosh2 αx+ y2

=
2

α

√
2m

|E|

∫ √
−U0
E −1

0

dy√
−U0

E − 1 + y2

This integral is of the form
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∫ a

0

dz√
a+ z2

= sin−1
(z
a

)
=
π

2
.

Thus, the period of oscillation is

Answer to Problem 2 (b).

T =
π

α

√
2m

|E|

(c)

U = U0 tan
2 αx

Solution: The period of oscillation is

T = 2
√
2m

∫ x1

0

dx√
E − U

= 2
√
2m

∫ x1

0

dx√
E − U0 tan

2 αx

= 2
√
2m

∫ x1

0

cosαx dx√
E cos2 αx− U0 sin

2 αx

= 2
√
2m

∫ x1

0

cosαx dx√
E − (E + U0) sin

2 αx
.

Using the substitution y = i sinαx (dy = iα cosαx), we get

T =
2
√
2m

iα

∫ i sinαx1

0

dy√
E + (E + U0) y2

=
2

iα

√
2m

E + U0

∫ i sinαx1

0

dy√
E

(E+U0)
+ y2

=
2

iα

√
2m

E + U0
sin−1

 i sinαx1√
E

(E+U0)


Knowing

x1 =
1

α
tan−1

√
E

U0
,

we finally get
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T =
2

iα

√
2m

E + U0
sin−1

 i sin
(
tan−1

√
E
U0

)
√

E
(E+U0)



=
2

iα

√
2m

E + U0
sin−1

 i
√

E
U0√

1 + E
U0

√
E

(E+U0)


=

2

iα

√
2m

E + U0
sin−1 i

=
2

iα

√
2m

E + U0

πi

2
.

Thus, the period of oscillation is

Answer to Problem 2 (c).

T =
π

α

√
2m

E + U0
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